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Abstract
We investigate, in a certain decoupling limit, the effect of having a constant
C-field on the M-theory 5-brane using an open-membrane probe. We define an
open-membrane metric for the 5-brane that remains non-degenerate in the limit.
The canonical quantization of the open-membrane boundary leads to a non-
commutative loop space which is a functional analogue of the non-commutative
geometry that occurs for D-branes.
PACS number: 1125
1. Introduction
Before considering the M2/M5 system it is instructive to first briefly review the relation between
D-branes and non-commutative geometry [1]. Consider a fundamental string F1 ending on a
Dp-brane via a point or 0-brane. The effective tensions τ of the string and theDp-brane behave
like τF1 ∼ 1, τDp ∼ 1/gs . Therefore, for small gs , the string is much lighter than theDp-brane
and can be treated as a test string probing theDp-brane. Furthermore, the effective gravitational
couplings GNτ (Newton’s constant times tension) behave like GNτF1 ∼ g2s , GNτDp ∼ gs and











dτ FµνXµ ˙Xν, (1)
where Fµν is the constant background field strength on the Dp-brane. We assume that the
only non-vanishing components of F are Fr ′s ′ , where we have decomposed the worldvolume
index µ as µ = (r, r ′) with r = 0, 1, . . . , p − rankF and r ′ = p + 1 − rankF, . . . , p:
F =
(Frs = 0 0
0 Fr ′s ′
)
. (2)
We consider now the following decoupling limit (see, e.g., [2]). We take  → 0 such that1
ηr ′s ′ ∼  ηr ′s ′ , α′ ∼ 1/2α′, (3)
1 In (3) it is understood that the ηr ′s′ and α′ occurring on the right-hand side are -independent.
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dτ Fr ′s ′ Xr ′ ˙Xs ′ . (4)
One may now argue (see, e.g., [2,3]) that the dynamics of the F1/Dp system is dominated by




dτ Fr ′s ′Xr ′ ˙Xs ′ . (5)
Moreover, the open string metric is finite in this limit and is given by the maximal rank matrix
Gµν =
{
ηµν for µ, ν = r, s
−α′2 Fµρ ηρσ Fσν for µ, ν = r ′, s ′.
(6)
The equations of motion corresponding to the Wess–Zumino term read
˙Xr
′ = 0, (7)
i.e. there are additional Dirichlet conditions: the endpoint of the string is not allowed to move
in the r ′ directions. The non-commutative nature of the D-brane arises from quantizing the
Wess–Zumino term (5). Applying the standard canonical quantization procedure leads to the
following non-zero Dirac brackets:
{Xr ′(σ ),Xs ′(σ ′)} = (F−1)r ′s ′δ(σ − σ ′). (8)
We thus conclude that the string probing the Dp-brane sees a non-commutative geometry in
the r ′ directions of the Dp-brane worldvolume.
2. The M2/M5 system
The M-theory origin of the F1/Dp system is a M2/M5 system, i.e. an open membrane ending
on a 5-brane in an 11-dimensional supergravity background. The membrane boundary is a
string that is constrained to lie within the 5-brane. The action for the open bosonic membrane
is as follows:
S = Sk +
∫
M3
f ∗2 C +
∫
∂M3
f ∗1 b, (9)






− det γ (−γ αβ∂αXM∂βXNgˆMN + "2p). (10)
Here "p is the D = 11 Planck constant, gˆMN is the D = 11 spacetime metric and γαβ is the
auxiliary worldvolume metric. The maps f2 and f1 denote the embedding of the membrane and
its boundary into the spacetime and the 5-brane, respectively. The worldvolume 3-form f ∗2 C is
the pull-back of the D = 11 3-form potential C to the membrane worldvolume and, similarly,
f ∗1 b is the pull-back of the 5-brane 2-form potential b to the boundary of the membrane. In
terms of components, we write
(f ∗2 C)αβγ = ∂αXM∂βXN∂γXPCMNP , (f ∗1 b)ij = ∂iXµ∂jXνbµν, (11)
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where M = 0, 1, . . . , 9, 11 are spacetime indices, µ = 0, 1, . . . , 5 are 5-brane worldvolume
indices, α = 0, 1, 2 are membrane worldvolume indices and i = 0, 1 are indices on the
boundary of the membrane.
The coupling of b to the boundary of the membrane ensures that the open-membrane action
is invariant under the spacetime gauge transformations δC = d( provided that δb = −f ∗5 (,
where f5 denotes the embedding of the 5-brane into spacetime. The 2-form b satisfies the
5-brane field equations. These are equivalent to a nonlinear self-duality condition on the
following gauge invariant 3-form field strength of b:
H = db + f ∗5 C. (12)
Here the last term is the pull-back of the spacetime 3-form potential to the 5-brane:
(f ∗5 C)µνρ = ∂µxM∂νxN∂ρxPCMNP , (13)
where xM(Xµ) are local embedding functions satisfying the 5-brane equations of motion.
We shall consider backgrounds whereHµνρ is constant. This is only consistent with (12)
provided we require that the pull-back of the spacetime 4-form field strength F = dC to the
5-brane vanishes, i.e. f *5 F = 0. It is convenient to write C = C˜ + dC2 with f *5 C˜ = 0 and
f ∗5 C2 = c. This enables us to rewrite the following bulk term as a boundary term:∫
M3
f *2 C =
∫
∂M3








f *1 c, (14)
where we have applied Stoke’s theorem. Finally, since f *5 C = dc we have that H = d(b + c)
or
(b + c)µν = HµνρXρ. (15)




d2σ HµνρXµ ˙XνX′ρ. (16)




µνρσλτHσλτ = 1 + K2 (G
−1)µλHνρλ, (17)















In [3] it was argued that the tensor Gµν is the metric on the 5-brane seen by an open membrane
in the presence of a background 3-form field strength H. It is understood that in the above
three equations the indices are contracted with the induced 5-brane metric:
gµν = ∂µxM∂νxxN gˆMN . (20)
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It will be useful to introduce a specific parametrization of the solutions of the self-duality





































Here h is a real field of dimension (mass)3 and (vαµ, uaµ), α = 0, 1, 2, a = 3, 4, 5, are sechsbein
fields in the nine-dimensional coset SO(5, 1)/SO(2, 1)× SO(3) satisfying
gµνvαµv
β
ν = ηαβ, gµνuaµvβν = 0, gµνuaµubν = δab, (23)
gµν = ηαβvαµvβν + δabuaµubν. (24)
3. Limits on M5
We will now consider a limit of the open-membrane/5-brane system with the main property that
the boundary string that lives in the 5-brane is governed solely by the Wess–Zumino term (16).
Compared with the case of a string ending on a Dp-brane we are faced with two problems.
(1) The decoupling limit must be consistent with the nonlinear self-duality condition (17).
(2) Since both τM2 ∼ 1 and τM5 ∼ 1 we cannot use the membrane as a probe to study the
worldvolume geometry of the M5-brane.
In this paper we will discuss a particular limit that avoids these two problems. Other limits
were discussed at this conference by Per Sundell. Problem (1) is circumvented by using the
explicit solution forH given by (21) and (24). To take care of problem (2) we consider, instead
of a flat background, a D = 11 background consisting of a stack of N parallel 5-branes, given
by the solution




, F = N54, (25)
where µ = 0, 1, . . . , 5; m = 6, 7, 8, 9, 11, N5 is the number of stacked 5-branes and 4 is the
volume form on the transverse S4. We let the open membrane end on one of these 5-branes
removed from the stack and placed at radius r0. IfN5  1 and r0 is small, then the interactions
between the stack and the separated 5-brane effectively stiffens the latter so that the membrane
can probe it without deforming it. Under these conditions the induced metric on the 5-brane
(20) is given by
gµν = H−1/3(r0)ηµν. (26)
Moreover, from (25) it follows that the D = 11 background 4-form field strength satisfies

















d2σ HµνρXµ ˙XνX′ρ, (27)
2 This parametrization has been derived independently by [5].
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where the D = 11 background 3-form potential C˜ obeys dC˜ = 4 and f ∗5 C˜ = 0 and the
background 3-form field strength Hµνρ on the 5-brane is constant.
We now propose the following decoupling limit obtained by taking  → 0 such that






h ∼ −λh. (30)
For simplicity we shall assume that δ > 1 such that we may drop the 1 from the harmonic
function in the metric (25). It then follows from (26) that the induced 5-brane metric and the
sechsbein fields in (24) scale as







Furthermore, we assume that λ  3. This implies that h"3p remains finite which enables us to
keep the 3-form field strength and the open-membrane metric (22) non-degenerate in the limit.

















where we have defined
7 = λ− 32 (δ − 1). (33)
We now impose the following requirements for our decoupling limit (for a more detailed
discussion, see [3]).
(a) All interactions on the M5-brane worldvolume must vanish.
(b) The bulk modes must decouple.
(c) The open-membrane metric must remain non-degenerate after taking the decoupling limit.
Given these assumptions we find the following restrictions on our parameters [3]:
7 + 32 (δ − 1)  3 < 7 + δ, 7 < 2δ, 1 < δ < 3. (34)
These conditions are solved by (7, δ) in a finite size region. For instance, δ = 53 , λ = 3 and
7 = 2 leads to a decoupled 5-brane theory in a background with a nonlinearly self-dual field
strength, while δ = 43 , λ = 2 and 7 = 2 yields a linearly self-dual field strength.
A noteworthy feature is that (34) implies 7 > 0, such that there is necessarily an
overall scaling of the action in (32). Such a scaling was not required in the string case.
A crucial difference between the string and the membrane is that only the string action (1) has
a microscopic interpretation. On the other hand, the membrane action (10) should be seen as
an effective action. One interpretation of the scaling (32) with 7 > 0 is that actually we are
taking a semiclassical limit.
Summarizing, in order to understand the geometry of the 5-brane worldvolume we are led
to study the quantization of the Wess–Zumino action (16) with H constant.
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4. Canonical analysis
We now will canonically quantize the action (16) with constant field strength Hµνρ . For
convenience, we assume that the field strength can be diagonalized as follows [2]:
H012 = − h√
1 + "6ph2
, H345 = h, (35)
where the dimensionless combination h"3p is non-vanishing provided the decoupling limit (30)
has been taken with λ = 3.
In the parametrization (35) the action (16) splits into two independent Lagrangians for the












d2σ abcXa ˙XbX′ c, (36)
whereα = 0, 1, 2 and a = 3, 4, 5. The action is invariant under worldsheet reparametrizations:
δξX
α = ξ i∂iXα, δηXa = ηi∂iXa, i = 0, 1. (37)
Note that, due to the absence of a worldsheet metric, there is no need to identify the vector
fields ξ and η.
The equations of motion are
αβγ ˙X
βX′ γ = 0, abc ˙XbX′ c = 0. (38)
Assume now that the string boundary inside the M5-brane has a non-compact extension in the
time direction. In that case we can impose the gauge choice X0 = τ . Substituting this into the
equations of motion we obtain
X′α = 0, (39)
which means that the spatial extension of the string must be in the a direction. Assuming that
| X′| = 0 we obtain
˙Xa = 0, (40)
which implies additional Dirichlet conditions in the a directions.
Let us continue by analysing the phase space dynamics of the three coordinates X =
(X0, X1, X2). The canonical momenta are given by
:α(σ) := δS
δ ˙Xα(σ)
= − 13hαβγXβX′γ , (41)
indicating that there are three primary constraints φα(σ ):
φa := :a + 13habcXbX′c ≈ 0. (42)
The non-trivial canonical Poisson brackets are
{Xa(σ),:b(σ ′)} = δab δ(σ − σ ′) (43)
and the non-zero Hamiltonian is given by
H =
∫
dσ λa(σ )φa(σ ), (44)
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where λa(σ ) are three Lagrange multipliers. To proceed with the canonical analysis we study
the consistency conditions
˙φa(σ ) = λb(σ )Mba(σ ) ≈ 0, (45)
where
{φa(σ ), φb(σ ′)} = Mab(σ )δ(σ − σ ′), Mab = h abcX′c. (46)
Note that in the α space we can impose X0 = τ and, via the equations of motion, X′α = 0.
This implies that Mαβ = 0. In other words, the three primary constraints φα(σ ) are all first
class.
In contrast, let us now consider the canonical analysis of the three Euclidean coordinates
X = (X3, X4, X5). A similar analysis as above leads to the same result except that in this case
we have assumed that | X′| = 0 and therefore
MabX
′ b = 0. (47)
The matrix Mab is thus non-degenerate in the two-dimensional subspace orthogonal to X′. It
is convenient to introduce a projection onto this subspace as follows (I = 1, 2):
PI
a(σ )PJ
b(σ )δab = δIJ , (48)
δIJPI
a(σ )PJ
b(σ ) = δab − X
′ aX′ b
| X′|2 , (49)
IJPI
a(σ )PJ
b(σ ) = 
abcX′ c
| X′| . (50)
The three constraints φa now split into the two second-class constraints
χI := PI aφa, (51)
with the now non-degenerate matrix
{χI (σ ), χJ (σ ′)} := MIJ (σ )δ(σ − σ ′), MIJ = PI aPJ bMab, (52)
and one first-class constraint
φ := X′aφa ≡ X′ a:a, (53)
which acts as the generator of σ reparametrizations.
The presence of the two second-class constraints leads to a non-trivial Dirac bracket
between the Xa coordinates given by
[Xa(σ),Xb(σ ′)]D = −1
h
abcX′c(σ )
| X′(σ )|2 δ(σ − σ
′). (54)
The conclusion is that the membrane probe sees a so-called non-commutative loop space
geometry in the a directions of the M5-brane worldvolume.
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5. Non-commutative loop space
The main conclusion of this paper is that, whereas D-branes lead to a non-commutative
geometry of points, the M5-brane seems to lead to a non-commutative geometry of loops.
To the best of our knowledge, such a non-commutative loop space geometry has not been
considered before in the literature.
As a historical note, it is perhaps of interest to note that, whereas the idea of lightlike
integrability applied to a superspace geometry naturally leads to the superspace constraints
of Yang–Mills [6], the same idea when applied to a loop superspace geometry leads to the
constraints of supergravity coupled to Yang–Mills [7]. In the latter work the definition of a
loop space covariant derivative plays a central role. The gauge field part of this covariant
derivative is given by the pull-back of the self-dual antisymmetric tensor, i.e.
Dµ(σ ) = δ
δXµ(σ)
+ bνµX
′ ν . (55)
Through this paper we are naturally led to consider a non-commutative version of loop
superspace. One of the open questions is how to exactly construct a covariant derivative
corresponding to such a non-commutative loop space. It suggests that this problem is related
to the problem of how to construct a field theory for a set of D = 6 (2, 0) non-Abelian tensor
multiplets. The analogy is as follows. On the one hand, in the non-commutative case, one
must replace the term bνµX′ ν , present in the covariant derivative, by some non-commutative
generalization with
{Xµ,Xν} = 0. (56)
On the other hand, in the non-Abelian case, one must replace this term by some non-Abelian
generalization, i.e. bIνµX′ νT I with
[T I , T J ] = 0. (57)
More generally, the suggestion is that, in order to describe a set of D = 6 (2, 0) tensor
multiplets, it will not suffice to work with a local field theory but instead, one should work
with a non-local loop space where in the covariant derivative one makes the replacement:
bνµ(X)X










In this way one would also circumvent the no-go theorem of [8]. It would be of interest to
investigate these issues in more detail.
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